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Abstract. We get new metric connection for Kenmotsu manifolds which is
called generalized symmetric metric connection of type (α, β). Quarter-symmetric
and semi-symmetric connections are two samples of this connection such that
(α, β) = (0, 1) and (α, β) = (1, 0), respectively. The object of the present paper
is to study Kenmotsu manifolds with generalized symmetric metric connection
of type (α, β).
1 Introduction
A linear connection ∇ is said to be generalized symmetric connection if its
torsion tensor T is of the form
T (X,Y ) = α{u(Y )X − u(X)Y }+ β{u(Y )ϕX − u(X)ϕY }, (1)
for any vector fields X,Y on a manifold, where α and β are smooth functions.
ϕ is a tensor of type (1, 1) and u is a 1−form associated with a non-vanishing
smooth non-null unit vector field ξ. Moreover, the connection ∇ is said to be
a generalized symmetric metric connection if there is a Riemannian metric g in
M such that ∇g = 0, otherwise it is non-metric.
In the equation (1), if α = 0 (β = 0), then the generalized symmetric con-
nection is called β− quarter-symmetric connection ( α− semi-symmetric con-
nection), respectively. Moreover, if we choose (α, β) = (1, 0) and (α, β) = (0, 1),
then the generalized symmetric connection is reduced to a semi-symmetric con-
nection and quarter-symmetric connection, respectively. Hence a generalized
symmetric connections can be viewed as a generalization of semi-symmetric
connection and quarter-symmetric connection. This two connection are impor-
tant for both the geometry study and applications to physics. In [1], H. A.
Hayden introduced a metric connection with non-zero torsion on a Riemannian
manifold. The properties of Riemannian manifolds with semi-symmetric (sym-
metric) and non-metric connection have been studied by many authors [2]-[7].
The idea of quarter-symmetric linear connections in a differential manifold was
introduced by S.Golab [4]. In [14], Sharfuddin and Hussian defined a semi-
symmetric metric connection in an almost contact manifold, by setting
T (X,Y ) = η(Y )X − η(X)Y.
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In [15] and [16] the authors studied the semi-symmetric metric connection and
semi-symmetric non-metric connection in a Kenmotsu manifold, respectively.
In the present paper, we defined new connection for Kenmotsu manifold,
generalized symmetric metric connection. This connection is the generalized
form of semi-symmetric metric connection and quarter-symmetric metric con-
nection. Section 2 is devoted to preliminaries. In section 3, we get generalized
symmetric metric connection for a Kenmotsu manifold. In section 4, we cal-
culate curvature tensor and ricci tensor and scalar curvature of a Kenmotsu
manifold with respect to generalized metric connection. Moreover we get that
first Bianchi identity is provided and Ricci tensor is symmetric with respect to
generalized metric connection of type (−1, β) and (α, 0). In section 5, it is shown
that if a Kenmotsu manifold is φ− projectively flat with respect to generalized
metric connection, then the manifold is a generalized η− Einstein manifold with
respect to generalized metric connection. In section 6, we find an expression for
concircular curvature tensor with respect to generalized metric connection. In
section 7, we give an example which is verifying some results of Section 4 and
Section 5
2 Preliminaries
A differentiable M manifold of dimension n = 2m+ 1 is called almost contact
metric manifold, if it admit a (1, 1) tensor field φ, a contravaryant vector field
ξ, a 1− form η and Riemannian metric g which satify
φξ = 0, (2)
η(φX) = 0 (3)
η(ξ) = 1, (4)
φ2(X) = −X + η(X)ξ, (5)
g(φX, φY ) = g(X,Y )− η(X)η(Y ), (6)
g(X, ξ) = η(X), (7)
for all vector fields X , Y on M . If we write g(X,φY ) = Φ(X,Y ), then the
tensor field φ is a anti-symmetric (0, 2) tensor field [11]. If an almost contact
metric manifold satisfies
(∇Xφ)Y = g(φX, Y )ξ − η(Y )φX, (8)
∇Xξ = X − η(X)ξ, (9)
then M is called a Kenmotsu manifold, where ∇ is the Levi-Civita connection
of g [10].
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In Kenmotsu manifolds the following relations hold [10]:
(∇Xη)Y = g(φX, φY ) (10)
g(R(X,Y )Z, ξ) = η(R(X,Y )Z) = g(X,Z)η(Y )− g(Y, Z)η(X), (11)
R(ξ,X)Y = η(Y )X − g(X,Y )ξ, (12)
R(X,Y )ξ = η(X)Y − η(Y )X, (13)
R(ξ,X)ξ = X − η(X)ξ, (14)
S(X, ξ) = −(n− 1)η(X), (15)
S(φX, φY ) = S(X,Y ) + (n− 1)η(X)η(Y ) (16)
for any vector fields X , Y and Z, where R and S are the the curvature and
Ricci the tensors of M , respectively.
A Kenmotsu manifold M is said to be generalized η Einstein if its Ricci
tensor S is of the form
S(X,Y ) = ag(X,Y ) + bη(X)η(Y ) + cg(φX, Y ), (17)
for any X,Y ∈ Γ(TM), where a, b and c are scalar functions such that b 6= 0
and c 6= 0. If c = 0 then M is called η Einstein manifold.
3 Generalized Symmetric Metric Connection in
a Kenmotsu manifold
Let ∇ be a linear connection and ∇ be a Levi-Civita connection of an almost
contact metric manifold M such that
∇XY = ∇XY +H(X,Y ), (18)
for any vector field X and Y . Where H is a tensor of type (1, 2). For ∇ to be
a generalized symmetric metric connection of ∇, we have
H(X,Y ) =
1
2
[T (X,Y ) + T
′
(X,Y ) + T
′
(Y,X)], (19)
where T is the torsion tensor of ∇ and
g(T
′
(X,Y ), Z) = g(T (Z,X), Y ). (20)
From (1) and (20) we get
T
′
(X,Y ) = α{η(X)Y − g(X,Y )ξ}+ β{−η(X)φY − g(φX, Y )ξ}. (21)
Using (1), (19) and (21) we obtain
H(X,Y ) = α{η(Y )X − g(X,Y )ξ} + β{−η(X)φY }., (22)
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Corollary 1 For a Kenmotsu manifold, generalized symmetric metric connec-
tion ∇ is given by
∇XY = ∇XY + α{η(Y )X − g(X,Y )ξ} − βη(X)φY. (23)
If we choose (α, β) = (1, 0) and (α, β) = (0, 1), generalized metric connection
is reduced a semi-symmetric metric connection and quarter-symmetric metric
connection as follows:
∇XY = ∇XY + η(Y )X − g(X,Y )ξ, (24)
∇XY = ∇XY − η(X)φY. (25)
From (23) we have the following proposition
Proposition 2 Let M be a Kenmotsu manifold with generalized metric connec-
tion. We have the following relations:
(∇Xφ)Y = (α+ 1){g(φX, Y )ξ − η(Y )φX}, (26)
∇Xξ = (α+ 1){X − η(X)ξ}, (27)
(∇Xη)Y = (α+ 1){g(X,Y )− η(Y )η(X)}, (28)
for any X,Y, Z ∈ Γ(TM).
4 Curvature Tensor
Let M be an n− dimensional Kenmotsu manifold. The curvature tensor R of
the generalized metric connection ∇ on M is defined by
R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z, (29)
Using proposition 68, from (23) and (29) we have
R(X,Y )Z = R(X,Y )Z + {(−α2 − 2α)g(Y, Z) + (α2 + a)η(Y )η(Z)}X
+{(α2 + 2α)g(X,Z) + (−α2 − α)η(X)η(Z)}Y
+{(α2 + α)[g(Y, Z)η(X)− g(X,Z)η(Y )] + (β + αβ)[g(X,φZ)η(Y )− g(Y, φZ)η(X)]}ξ
+(β + αβ)η(Y )η(Z)φX − (β + αβ)η(X)η(Z)φY (30)
where
R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z, (31)
is the curvature tensor with respect to the Levi-Civita connection ∇. Using (30)
and the first Bianchi identity we have
R(X,Y )Z +R(Y, Z)X +R(Z,X)Y = 2(β + αβ){η(X)g(φY, Z) + η(Y )g(X,φZ) + η(Z)g(Y, φX)}. (32)
Hence we have the following proposition
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Proposition 3 Let M be an n− dimensional Kenmotsu manifold with gen-
eralized symmetric metric connection of type (α, β). If (α, β) = (−1, β) or
(α, β) = (α, 0) then the first Bianchi identity of the generalized symmetric met-
ric connection ∇ on M is provided.
Using (11), (12), (13), (14) and (30) we give the following proposition:
Proposition 4 Let M be an n− dimensional Kenmotsu manifold with gener-
alized symmetric metric connection of type (α, β). Then we have the following
equations:
R(X,Y )ξ = (α+ 1){η(X)Y − η(Y )X + β[η(Y )φX − η(X)φY ]}, (33)
R(ξ,X)Y = (α+ 1){η(Y )X − g(X,Y )ξ + β[η(Y )φX − g(X,φY )ξ]}, (34)
R(ξ, Y )ξ = (α+ 1){Y − η(Y )ξ − βφY }, (35)
η(R(X,Y )Z) = (α+ 1){η(Y )g(X,Z)− η(X)g(Y, Z) + β[η(Y )g(X,φZ)− η(X)g(Y, φZ)]}
(36)
for any X,Y, Z ∈ Γ(TM).
The Ricci tensor S and the scalar curvature r of a Kenmotsu manifold with
generalized symmetric metric connection ∇ is given by
S(X,Y ) =
n∑
i=1
g(R(ei, X)Y, ei),
r =
n∑
i=1
S(ei, ei),
where X,Y ∈ Γ(TM), {e1, e2, ..., en} is an orthonormal frame. Then by using
(6) and (30) we get
S(Y, Z) = S(Y, Z) + {(2− n)α2 + (3− 2n)α}g(Y, Z) + (n− 2)(α2 + α)η(Y )η(Z)
−(β + αβ)g(Y, φZ), (37)
where S is the Ricci tensor with respect to Levi-Civita connection.
Ricci tensor of the Levi-Civita connection is symmetric, thus from (37) we
get
S(Y, Z)− S(Z, Y ) = −2(β + αβ)g(Y, φZ). (38)
Thus we have the following theoren
Theorem 5 Let M be an n− dimensional Kenmotsu manifold. Then the Ricci
tensor S of generalized symmetric metric connection ∇ is symmetric if and only
if (α, β) = (−1, β) or (α, β) = (α, 0) .
Using (37) we get the following theorem
5
Theorem 6 Let M be an n− dimensional Kenmotsu manifold with generalized
symmetric metric connection of type (α, β). Then the scalar curvature with
respect to generalized symmetric metric connection as follows:
r = r + (n− 2)(1− n)α2 − 2(n− 1)2α, (39)
where r is scalar curvature of Levi-Civita connection.
Lemma 7 Let M be an n− dimensional Kenmotsu manifold with generalized
symmetric metric connection of type (α, β). Then we have.
S(Y, ξ) = (1− n)(α + 1)η(Y ), (40)
S(φY, φZ) = S(Y, Z) + (n− 1)(1 + α), (41)
for any X,Y ∈ Γ(TM).
Proof. From (4), (15) and (37) we have (40). By using (6), (16) and (37) we
obtain (41).
Theorem 8 Let M be an n− dimensional Kenmotsu manifold with generalized
symmetric metric connection of type (α, β). If M is Ricci semi-symmetric with
respect to generalized symmetric metric connection , then M is an η Einstein
manifold with respect to generalized symmetric metric connection(β 6= 1, β 6=
−1).
Proof. Let R(X,Y )S = 0 be on M for any X,Y, Z, U ∈ Γ(TM), then we have
S(R(X,Y )Z,U) + S(Z,R(X,Y )U) = 0. (42)
If we choose Z = ξ and X = ξ in (42), we get
S(R(ξ, Y )ξ, U) + S(ξ, R(ξ, Y )U) = 0. (43)
Using (34), (35) and (40) in (43), we obtain
S(Y, U)− βS(φY, U) = (1− n){g(Y, U) + βg(Y, φU)}. (44)
If one substitutes Y = φY in the equation (44) and using (40), we get
S(φY, U) + βS(Y, U) = (1− n){g(φY, U) + βg(Y, U) + (α− β + 1)η(Y )η(U)}. (45)
From the (44) and (45), we obtain
S(Y, U) =
1− n
1− β2
{((1 + β2)g(Y, U) + (α− β + 1)η(Y )η(U)}. (46)
This equation tell us M is an η Einstein manifold with respect to generalized
metric connection.
Corollary 9 Let M be an n− dimensional Kenmotsu manifold with generalized
symmetric metric connection of type (α, β). If M is Ricci semi-symmetric with
respect to generalized symmetric metric connection , then we have the following
statements:
(i) M is reduces to an Einstein manifold with respect to generalized symmetric
metric connection of type (β − 1, β).
(ii) There is no Einstein manifold with generalized symmetric metric connection
of type (α, 1) and (α,−1).
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5 Projective Curvature Tensor
Let M be an n− dimensional Kenmotsu manifold with generalized symmetric
metric connection of type (α, β). The projective curvature tensor P of type (1, 3)
of M with respect to generalized symmetric metric connection ∇ is defined by
P (X,Y )Z = R(X,Y )Z −
1
n− 1
{S(Y, Z)X − S(X,Z)Y }. (47)
Definition 10 Let M be an n− dimensional Kenmotsu manifold. Then M
is said to be ξ− projectively flat with respect to generalized symmetric metric
connection ∇ if P (X,Y )ξ = 0 on M .
Using (33), (40) and (47) we have
P (X,Y )ξ = (α+ 1)β{η(Y )φX − η(X)φY }.
Then we have the following theorem
Theorem 11 Let M be an n− dimensional Kenmotsu manifold. Then M is
ξ− projectively flat with respect to generalized symmetric metric connection if
and only if (α, β) = (−1, β) or (α, β) = (α, 0).
Corollary 12 Let M be an n− dimensional Kenmotsu manifold. Then we have
the following expressions:
(i) The manifold is ξ− projectively flat with respect to β− quarter symmetric
metric connection.
(ii) The manifold is ξ− projectively flat with respect to semi-symmetric metric
connection.
Definition 13 Let M be an n− dimensional Kenmotsu manifold. Then M
is said to be φ− projectively flat with respect to generalized symmetric metric
connection if g(P (φX, φY )φZ, φU) = 0 on M .
From (47)
P (φX, φY )φZ = R(φX, φY )φZ −
1
n− 1
{S(φY, φZ)X − S(φX, φZ)φY }. (48)
Using (41) and (48), φ− projectively flatness implies
K(φX, φY, φZ, φU) =
1
n− 1
{[S(Y, Z) + (n− 1)(1 + α)]g(φX, φU)
+[S(X,Z) + (n− 1)(1 + α)]g(φY, φU)}. (49)
Let {e1, e2, ..., en−1, ξ} be a local orthogonal basis of the vector fields in M
and using the fact that {φe1, φe2, ..., φen−1, ξ} is also a local orthogonal basis,
putting X = U = ei and summing up with respect to i = 1, 2, ..., n−1 we obtain
n−1∑
i=1
K(φei, φY, φZ, φei) =
1
n− 1
{
n−1∑
i=1
[S(Y, Z) + (n− 1)(1 + α)]g(φei, φei)
+[S(ei, Z) + (n− 1)(1 + α)]g(φY, φei)}. (50)
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We know that
n−1∑
i=1
g(φei, φei) = n− 1, (51)
and from (41)
n−1∑
i=1
S(ei, Z)g(φY, φei) = S(Y, Z) + (n− 1)(1 + α)(1 −
n−1∑
i=1
g(φY, φei)). (52)
Thus from (51) and (52), the equation (50) becomes
n−1∑
i=1
K(φei, φY, φZ, φei) =
n− 2
n− 1
S(Y, Z) + (n− 1)(1 + α). (53)
Moreover we have
n−1∑
i=1
K(φei, φY, φZ, φei) = S(φY, φZ)− g(R(ξ, φY )φZ, ξ). (54)
Using (34), (41) and (54) we get
n−1∑
i=1
K(φei, φY, φZ, φei) = S(Y, Z) + (α+ 1){n− 1 + g(φY, φZ) + βg(φY, Z)} (55)
Therefore by using (53) and (55) we obtain
S(Y, Z) = (1− n)(α + 1){g(Y, Z)− η(Y )η(Z) + βg(φY, Z)} (56)
Hence we have the following theorem
Theorem 14 If a Kenmotsu manifold is φ− projectively flat with respect to
generalized symmetric metric connection, then the manifold is generalized η
Einstein manifold with respect to generalized symmetric metric connection.
Corollary 15 Let M be an n− dimensional Kenmotsu manifold. If the mani-
fold is φ− projectively with respect to generalized symmetric metric connection,
then we have the following expressions:
(i) The manifold is η− Einstein manifold with respect to β− quarter symmetric
metric connection.
(ii) The manifold is Ricci flat with respect to generalized symmetric metric con-
nection of type (−1, β).
(iii) The manifold is Ricci flat with respect to semi-symmetric metric connec-
tion.
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6 Concircular Curvature Tensor
Let M be an n− dimensional Kenmotsu manifold. The concircular curvature
tensor of M with respect to generalized symmetric metric connection ∇ is de-
fined by
C
∗
(X,Y )Z = R(X,Y )Z −
r
n(n− 1)
{g(Y, Z)X − g(X,Z)Y } (57)
By using (30), (39) and (57) we get
g(C
∗
(X,Y )Z, ξ) = g(C∗(X,Y )Z, ξ) + {(−3 + n)α2 + (−4 + 2n)α}g(Y, Z)η(X)
+{(3− n)α2 + (4 − 2n)α}g(X,Z)η(Y )
+(α+ α2){g(Y, Z)η(X)− g(X,Z)η(Y )}
+(β + αβ){−g(Y, φZ)η(X) + g(X,φZ)η(Y )}, (58)
where C∗ is concircular curvature tensor of M with respect to Levi-Civita con-
nection. If we consider C
∗
= C∗, then putting X = ξ of the equation (58) we
have
{(−2 + n)α2 + (−3 + 2n)α}{g(Y, Z)− η(Y )η(Z)} = (β + αβ)g(Y, φZ). (59)
From (37), (58) and (59) we have the following theorem
Theorem 16 In a Kenmotsu manifold, if concircular curvature tensor is in-
variant under generalized metric connection, then we have
S(Y, Z) = S(Y, Z)−{(−4+2n)α2+(−6+4n)α}g(Y, Z)+{(2n−4)α2+(3n−5)α}η(Y )η(Z)
for any X,Y ∈ Γ(TM).
Corollary 17 Let M be an n− dimensional Kenmotsu manifold. If concircu-
lar curvature tensor is invariant under generalized symmetric metric connection,
then we have the following expressions:
(i) If the manifold is Ricci flat, then manifold is η− Einstein manifold with
respect to generalized symmetric metric connection.
(ii) Ricci tensor is invariant with respect to β− quarter symmetric metric con-
nection.
7 Example
We consider a 3-dimensional manifold M = {(x, y, z) ∈ R3 : x 6= 0}, where
(x, y, z) are the standard coordinates in R3. Let E1, E2, E3 be a linearly inde-
pendent global frame on M given by
E1 = x
∂
∂z
, E2 = x
∂
∂y
, E3 = −x
∂
∂x
. (60)
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Let g be the Riemannian metric defined by
g(E1, E2) = g(E1, E3) = g(E2, E3) = 0, g(E1, E1) = g(E2, E2) = g(E3, E3) = 1,
Let η be the 1-form defined by η(U) = g(U,E1), for any U ∈ TM . Let φ be
the (1, 1) tensor field defined by φE1 = E2, φE2 = −E1 and φE3 = 0. Then,
using the linearity of φ and g we have η(E3) = 1, φ
2U = −U + η(U)E3 and
g(φU, φW ) = g(U,W ) − η(U)η(W ) for any U,W ∈ TM . Thus for E3 = ξ,
(φ, ξ, η, g) defines an almost contact metric manifold.
Let ∇ be the Levi-Civita connection with respect to the Riemannian metric
g. Then we have
[E1, E2] = 0, [E1, E3] = E1, [E2, E3] = E2, (61)
Using Koszul formula for the Riemannian metric g, we can easily calculate
∇E1E1 = −E3, ∇E1E2 = 0. ∇E1E3 = E1,
∇E2E1 = 0, ∇E2E2 = −E3, ∇E2E3 = 0, (62)
∇E3E1 = 0, ∇E3E2 = 0, ∇E3E3 = 0.
From the above relations, it can be easily seen that
(∇Xφ)Y = g(φX, Y )ξ−η(Y )φX, ∇Xξ = X−η(X)ξ, for all E3 = ξ. Thus
the manifoldM is a Kenmotsu manifold with the structure (φ, ξ, η, g). Using the
above relations, we can calculate the non-vanishing components of the curvature
tensor as follows:
R(E1, E2)E1 = E2, R(E1, E2)E2 = −E1, R(E1, E3)E1 = E3
R(E1, E3)E3 = −E1, R(E2, E3)E2 = E3, R(E2, E3)E3 = −E2 (63)
From the equations (63) we can easily calculate the non-vanishing components
of the ricci tensor as follows:[19]
S(E1, E1) = −2, S(E2, E2) = −2, S(E3, E3) = −2 (64)
Now, we can make similar calculations for generalized metric connection.
Using (23) in the above equations, we get
∇E1E1 = −(1 + α)E3, ∇E1E2 = 0. ∇E1E3 = (1 + α)E1,
∇E2E1 = 0, ∇E2E2 = −(1 + α)E3, ∇E2E3 = αE2, (65)
∇E3E1 = −βE2, ∇E3E2 = βE1, ∇E3E3 = 0.
From (65), we can calculate the non-vanishing components of curvature tensor
with respect to generalized metric connection as follows:
R(E1, E2)E1 = (1 + α)
2E2, R(E1, E2)E2 = −(1 + α)
2E1,
R(E1, E3)E1 = (1 + α)E3 R(E1, E3)E3 = (1 + α)(βE2 − E1),
R(E2, E3)E2 = (1 + α)E3, R(E2, E3)E3 = −(1 + α)(−βE1 + E2) (66)
R(E3, E2)E1 = −(1 + α)βE3, R(E3, E1)E2 = (1 + α)βE3, .
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From (66), the non-vanishing components of the ricci tensor as follows:
S(E1, E1) = −(1 + α)(2 + α), S(E2, E2) = −(1 + α)(2 + α),
S(E3, E3) = −2(1 + α), S(E2, E1) = −(1 + α)β. (67)
The equations (66) and (67) verifies (30) and (37), reepectively. Moreover,
the scalar curvature with respect to the Levi-Civita connection and quarter
symmetric non-metric connection are r = −6 and r = −2(1 + α)(3 + α).
From (47), we get the following expressions:
P (E1, E3)E3 = (1 + α)βE2, P (E2, E3)E3 = −(1 + α)βE1, P (E1, E2)E3 = 0. (68)
This expressions are verifying the theorem 5, theorem 6 and theorem 11.
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